The interaction of a quantized field with three-level atoms in Λ configuration inside a two mode cavity is analyzed. We calculate the stationary quadrature noise spectrum of the field outside the cavity in the case where the input probe field is in a squeezed state and the atoms show electromagnetically induced transparency (EIT). If the Rabi frequencies of both dipole transitions of the atoms are different from zero, we show that the output probe field have four maxima of squeezing absorption. We show that in some cases two of these frequencies can be very close to the transition frequency of the atom, in a region where the mean value of the field entering the cavity is hardly altered. Furthermore, part of the absorbed squeezing of the probe field is transfered to the pump field. For some conditions this transfer of squeezing can be complete.
I. INTRODUCTION
Electromagnetically induced transparency (EIT) [1] is a technique that can be used to eliminate the fluorescence from an atom illuminated with light whose frequency is equal to a particular atomic transition. This phenomenon has been observed in systems of three-level atoms in Λ configuration (see Fig. 1 ) [2] . In this configuration a mode of the field, called the pump field, interacts resonantly with one dipole transition, while another mode, the probe field, interacting with the second dipole transition, is tested for transparency. The maximum absorption of the probe field by the medium depends on the Rabi frequencies associated with each atomic optical transition. The maximum occurs for a detuning from resonance which increases monotonically with the Rabi frequencies. EIT has many applications such as ultra slow propagation [3] and storage of light [4] , to name just a few.
In general, the mean value of the electromagnetic field after interacting with the medium is measured. We may wonder if the medium is also transparent to the field fluctuations of the initial incoming probe field, particularly if these fluctuations are due to an initial state of the field which does not have a classical analog, such as squeezed states. In order to further investigate this question it is necessary to treat the field quantum mechanically. Under the assumption that the pump field is classical and with Rabi frequency much larger than the associated Rabi frequency of the probe field treated quantum mechanically, Fleischhauer et. al. [5] showed that the medium is transparent to the full quantum state. Furthermore they showed that they can transfer the state of the probe field to the atoms and then back to the field again. These results were partially confirmed by the experimental work of Akamatsu et. al. [6] , where the transparency of the atoms was measured considering an initially squeezed vacuum state as a probe field. Recent experimental [7] [8] [9] studies have shown how the noise of the probe field is influenced by the medium of Λ systems in a parameter region where the atoms show electromagnetically induced transparency. Also theoretical work where the pump and probe fields are treated quantum mechanically [10] [11] [12] [13] has recently been done. It turns out that when both modes, pump and probe, are in a coherent state, the medium is transparent for the initial fluctuations of the coherent state, except for expected fluorescence due to small absorption from the media when they are not in the totally ideal EIT situation [10] . Moreover, the effects of the field noise, particularly quantum noise and its influence on the atoms' state has been investigated. Dantan et. al. [11] [12] have shown that an initially squeezed vacuum as a probe field can be transferred to the atomic ensemble. The situation where the Rabi frequency of the pump and probe field are comparable and the probe field is in a general squeezed state still lacks a complete theoretical treatment.
In this paper we study the statistical properties of the electromagnetic quadrature functions of the stationary output field from a two mode cavity filled with three-level atoms in Λ configuration. In particular we investigate the case when the two modes of the cavity field are in resonance with the dipole transitions of the three-level atoms and the corresponding interaction constants and decay rates are equal. For this case, when the mean value of the pump field is not zero the atoms show EIT and the average values of the field do not change during the interaction. We focus on the case where the input probe field does not have a classical analog, namely when it is in a squeezed state. The most interesting feature of the results for the quadrature noise spectrum is that, for a given frequency, close to the transition frequency of the atoms associated to the probe field, we have a maximum of absorption of the initial squeezing of the probe field. Remarkably, some of this initial squeezing of the probe field can be transferred to the pump field. This transfer is maximized when both Rabi frequencies are equal. The spectrum frequency where this transfer happens is very close to the resonance frequency of the probe field with the atom. Our results imply that the initial quantum properties of the fields are modified after interacting with the medium showing EIT.
This paper is organized as follows: in section II we give a brief review on how the system equations are obtained and solved. In section III we present the main new results, which consist of analytical expressions for the spectrum of the quadrature noise of the field after interacting with the medium when the Rabi frequency associated with each field is different from zero. Finally we present our conclusions in section IV.
II. CAVITY OUTPUT FIELD EQUATIONS
Consider the case of N three-level atoms in Λ configuration inside a cavity that sustains two modes of the electromagnetic field. The frequencies of these modes are resonant with the transitions between levels |1 and |0 and |2 and |0 of the atom, respectively. The atoms are supposed to occupy a volume of small dimension as compared with the wavelength of the cavity modes. We point out that this is a difficult task to realize experimentally. The annihilation field operators for the modes inside the cavity are denoted byâ 1 andâ 2 . We will work in the interaction picture, where the Hamiltonian of the cavity-atom interaction is given by
whereΣ ij = N k=1σ k ij are the collective operators that represent the sum of individual atomic operators, σ k ij = |i j| k associated with the k th atom. We use inputoutput theory to relate the inside field with the outside field [14] . Each intra-cavity mode interacts with its own collection of modes in the outside field. This means that either they have different polarizations or their difference in frequency is large. The intracavity operators satisfy the equations
where γ i is the decay rate of cavity mode i = 1, 2. The op-
resent the field entering the cavity. The operatorb i (t 0 , ω) represents the outside mode associated with cavity mode i at the initial time t 0 and frequency ω. We will call the outside field associated with the modes labeled by index i = 1 (i = 2) the pump (probe) field. In the interaction picture ω represents the detuning from the cavity frequency. The outcoming field is given byâ
The operatorsb i (t 1 , ω) represents the outside mode associated with cavity mode i at time t 1 > t 0 and frequency ω [14] . The incoming and outcoming fields are related bŷ
The Langevin equations for the atomic operators are obtained using the interaction Hamiltonian Eq. (1). Taking into account the interaction of the atom with modes other than the cavity in the usual way [15] , we obtain
whereŴ j =Σ 00 −Σ jj andF x are collective Langevin operators given by the sum of each atom Langevin operator. The Langevin fluctuation operatorsF 's are assumed to be delta correlated, with zero mean:
where x and y label the fluctuation operators.
The atom diffusion coefficients, D xy , can be obtained using the generalized Einstein relations [16] . The nonzero diffusion coefficients are given by Eqs. (A1) in appendix A.
We will consider the following initial condition for the incoming field. For frequencies different from the intracavity frequencies, for each mode of frequency ω associated to the field i, the field outside the cavity at time t 0 is given by |ψ(t 0 , ω) i =Ŝ(r i , θ i )|0 , where |0 is the vacuum of the mode with frequency ω of the field i. The squeeze operator is given byŜ(r i ,
, with β i = r i exp iθ i . When the frequency is equal to the intra-cavity frequency, the initial condition is:
is the displacement operator which, when applied to the vacuum, creates the coherent state |α i . That means that the outside modes are initially in a vacuum, which can be squeezed, except for the resonant modes with the cavity which can be in a squeezed state but with field mean value different from zero. We will chose that value in a way such that inside the cavity we have â i = α i .
Defining the field quadrature θ for the field i and frequency ω aŝ (7) we have that the θ-quadrature noise operator is given by
for the given initial conditions. Writing √ γ iâi in = √ γ i â i in +f ai , one can show that for the initial conditions given above, the operatorsf † ai (t) satisfy
From Eqs. (2) it is easy to see thatf ai represents the Langevin fluctuation operator associated with the mode i inside the cavity.
Eqs. (3) and (4) are a set of first order nonlinear operator stochastic differential equations. To solve this system, it is usual to transform these equations into a system of c-number Ito stochastic differential equations. These new equations are equivalent to the original ones up to second order in the operators [17] . Once we have c-number stochastic equations we can use normal stochastic methods to solve them [18] . Since c-numbers commute, in order to perform this operation uniquely, we define an order for the operator, which we call "normal" order. The normal order we choose iŝ
We will use the c-number
The stochastic average of a c-number variable is equal to the mean value of the corresponding operator and the stochastic average of the product of two c-number variables corresponds to the mean value of the normal ordered multiplication of the two corresponding operators. For example Σ 02 (t)Σ 12 (t
Here · · · st means stochastic mean. Henceforth we will drop the subscript "st" in order to simplify the notation.
The new c-number equations for the system look the same as the operator equations except that we should replace [17] .
These new normal ordered diffusion coefficients satisfy the symmetry relation D xy = D yx . The non-zero coefficients (and the symmetrical ones) are given by Eqs. (A2) in the appendix A.
We are mostly interested in the dynamics of fluctuations around the steady state. In order to calculate these dynamics, we express the solutions of the stochastic variables as the sum of the steady state value plus fluctuations. That is, for any stochastic variable O, we write O(t) ≈ O + δO(t), with δO ≪ O . In the system equations, the atomic operators scale as the number of atoms, N , and the fluctuation forces scale as √ N [17] . If the number of atoms inside the cavity is large enough (N ≫ 1) the fluctuations are small and we can neglect terms of order higher than one in δO. Neglecting those terms, we obtain to zeroth order, the equations for the mean values, which are solved for the stationary state in an analogous way to bistability problems. The corresponding differential equations for the fluctuations can be written in matrix form
where the column vectors δO and G have components 
The matrix B can be obtained from the expansion up to first order in δO of the system's dynamical equations in c-number representation. The stationary spectrum of the correlation of the c-numbers, S ij (ω) =
can be written as [15] 
where . . . means stochastic average and
Taking the Fourier transform of Eq. (10), multiplying by δO † and taking the stochastic average, we obtain
where D δ(ω + ω ′ ) = G · G T and S(ω) is the matrix defined by Eq. (11) . The components of the symmetric diffusion matrix D are the c-number diffusion coefficients given in Eq. (A2).
The quadrature noise of the output field is given by
where Y i θout = α i out exp (iθ)+α * i out exp (−iθ). The spectrum of Eq. (13) can be written as
where δY i θout = δα i out exp (iθ) + δα * i out exp (−iθ). The calculation of the latter is our main objective. Using the c-number equivalents of Eqs. (2) and Eqs. (3), we have
Using this last equation, the θ-quadrature noise spectrum, Eq. (14), can be written as a linear combination of the elements of the matrix S(ω) given by Eq. (12). Since we are using c-numbers, the quadrature noise spectrum calculated using this method is equivalent to the normal ordered quadrature noise spectrum calculated with the original operator. The above results are only valid if the steady state solutions are stable. This can be verified by calculating the eigenvalues of the matrix B: If they all are negative, then the system is stable.
III. RESULTS AND ANALYSIS

A. General Results
We calculate here the θ quadrature noise spectrum of the output field, given by Eq. (14) , when the incoming probe field is squeezed and the Rabi frequencies associated with each dipole transition of the atom are different from zero. We will suppose that Γ 1 = Γ 2 = Γ, g 1 = g 2 = g and γ 1 = γ 2 = γ. The initial conditions are as follows. Every mode of the pump field outside the cavity is in vacuum state except the outside mode of the pump field which has the same frequency as the mode 1 inside the cavity. This last mode is in a coherent state such that the mode one annihilation operator,â 1 , inside the cavity has mean value α 1 . This means that r 1 = 0 in Eqs. (8) . Every mode of the probe field is in squeezed vacuum for the θ 2 = 0 quadrature, except the outside mode of the probe field with the same frequency as mode two inside the cavity. This last mode is in the squeezed state such that the mode two annihilation operator,â 2 , inside the cavity has mean value α 2 . This means that r 2 > 0 and θ 2 = 0 in Eqs. (8) .
Under such initial conditions, Eq. (12) can be calculated analytically with the help of computer programs for symbolic algebra. Using the solution obtained with this procedure and Eq. (14), we calculate the quadrature noise spectrum. The solution is given in the appendix B by Eq. (B1) and Eq. (B2).
B. Analysis
In order to gain some insight on what happens with the field after interacting with the atoms with the given initial conditions, we start by plotting Eq. (B1) and Eq. (B2). The bandwidth of the usual transparency curve in EIT (defined outside the cavity) is a function of the Rabi frequencies. We will choose as the Rabi frequencies of the plot, the interesting case in which the cavity bandwidth, characterized by γ, is smaller than the usual EIT bandwidth. This guarantees that the mean value of the modes of the field which enters the cavity is hardly altered by the atoms. Interesting results appear in the case of large cooperation parameter C = g 2 N Γγ ≫ 1. In Fig. 2(a) we show a typical behavior of the θ = 0 quadrature noise spectra of the probe field for the case of a good cavity (γ = 0.15Γ), large cooperation parameter C = g 2 N Γγ = 167 ≫ 1, r 2 = 3, Ω 1 = g 1 α 1 = Γ, Ω 2 = g 2 α 2 = 2Γ (dashed line) and Ω 1 = Ω 2 = Γ (continuous line). In Fig. 2(b) we show the behavior for small ω. When ω = 0 we observe, for each curve, four maxima where the initial θ = 0 quadrature squeezing is absorbed. Two are located very close to ω = 0. These maxima is located in a region where the absorption of the mean value of the field is practically negligible (ω ≪ Ω 1 , Ω 2 ). In the case where Ω 1 = Ω 2 (continuous line) the squeezing absorption is larger. The other two maxima are for high (|ω| ≫ Ω 1 , Ω 2 ) frequencies. For high frequencies we expect some absorption due to the vacuum Rabi splitting. In a cavity filled with N two level systems, the vacuum Rabi splitting is proportional to the square root of the cooperation parameter C [19] [20] . In the case we are studying we expect that the frequencies where these two maxima happens increases monotonically with C. This would be shown further on.
In Fig. 3(a) and Fig. 3(b) we show a typical behavior of the θ = 0 quadrature noise spectra of the pump for the same parameters. In this case we have four minimum at the same position of the four maxima in Fig. 2 . We observe that an important amount of the initial probe θ = 0 quadrature squeezing, absorbed by the medium in the two maxima close to ω = 0, goes to the pump field for the same frequencies (compare Fig. 2(b) with Fig. 3(b) ). In the case where Ω 1 = Ω 2 (continuous line) the squeezing transfer is larger. We also observe a transfer of squeezing from probe to pump field in the two maxima far from the origin of Fig. 2(a) , but in this case it is rather small. We point out the two major characteristics of the behavior of the quadrature spectra showed in Fig. 2 and Fig. 3 : a) the two maxima, locate near ω = 0, of θ = 0 squeezing absorption is for frequencies where the mean value of the field is hardly altered; and b) we have a transfer of squeezing between the probe and pump field. To the best of our knowledge this is the first theoretical work that describes such squeezing transfer. In the rest of this section we will characterize the behavior of these maxima and minima as a function of the parameters of the system.
We now obtain expressions for the position and values of these maxima in order to understand their behavior as a function of the system parameters. The first maximum can be obtained using Eq. (B1). If we suppose that (Ω
, then the frequency where this maximum occurs can be approximated as
with the θ quadrature noise for this frequency given by
and
where
From Eq. (15), we have that ω max < γ/2. In the case where γ is smaller than the Rabi frequencies associated with the atoms optical transitions, the mean value of the field which enters the cavity is almost unaltered. Nevertheless, because ω max < γ/2, we can conclude that, at least for an initially squeezed state, there is huge alteration of the initial quantum fluctuations of the field after interacting with the medium. Comparing Eq. (16) with Eq. (17) when θ = 0 and Ω 1 , Ω 2 = 0 it can be seen that there is a transfer of quadrature squeezing, for that particular frequency, from the probe to the pump field. This transfer of squeezing is maximum in the case where Ω 1 = Ω 2 = Ω. For this case, and when Cγ ≫ Ω, Eq. (16) gives ∆Y 2 0 out (ω max ) ≈ 1 and Eq. (17) gives ∆Y 1 0 out (ω max ) ≈ e −2r2 . In this last case the effect of the interaction with the atoms is to transfer all the initial squeezing from the probe field to the pump field for the frequency ω max . For other quadratures and the same conditions for the parameters, we obtain from Eq. (16) that ∆Y 2 0 out (ω max ) ≈ 1 and from Eq. (17) that ∆Y 1 0 out (ω max ) ≈ f (θ). This means that the initial fluctuations for each quadrature of the probe field have been transferred to the pump field. When Ω 2 is zero there is no such transfer of fluctuations and the medium is transparent for the initial squeezed vacuum. This transparency for a squeezed vacuum probe field in cavity EIT was shown theoretically in [11] [12] .
The θ = 0 quadrature noise spectrum, Eq. (B1), has two maxima, which corresponds to the two maxima for |ω| > Ω 1 , Ω 2 in Fig. 2 . When Γ ≪ Ω 1 or Γ ≪ Ω 2 or Γ ≪ Cγ the positions of these two maxima can be approximated by
As can be seen from the last equation, |ω ′ max | increases monotonically with the cooperation parameter. These maxima correspond to the maxima we expected due to the vacuum Rabi splitting and mentioned before. The quadrature noise spectrum for these maxima position is
From Eq. (18) and Eq. (19), we may conclude that transfer of squeezing from the probe to the pump occurs for these frequencies, but it is much smaller, and can not be perfect, contrary to the situation corresponding to the two maxima close to ω = 0 (compare Fig. 2(a) with Fig. 3(a) ).
Using the DGCZ inequality for continuum variables [21] , we looked for conditions under which we could guarantee the existence of quantum correlations between the pump and probe quadratures. Using Eqs. (B1) (B2) for the quadratures noise spectrum and Eq. (B3) for the correlations noise spectrum, we looked for parameters under which the inequality could be violated. For spectrum frequencies ω max and ω ′ max it is not difficult to see that the inequality is never violated. We numerically looked for the inequality violation for parameters C between 10 and 200, Ω 1 and Ω 2 between Γ and 10Γ, γ = 0.15Γ and spectrum frequencies ω between −10Γ and 10Γ. We did not find any quantum correlations between the pump and probe field. Nevertheless, the fact that for some spectrum frequencies both fields are squeezed after interaction, is a signature of quantum correlations between some orthogonal modes (not necesarily the pump and probe modes). A method to find the modes possessing EPR-type correlations is given in [22] .
IV. CONCLUSIONS
There has been much recent activity, both theoretical and experimental, to study the properties of quantum states interacting with three-level atoms presenting EIT. The aim of this activity has been to coherently control the propagation of quantum light. Interesting applications arise, as for example quantum information processing [23] . In this paper we studied the output field quadrature noise spectra of an initially squeezed probe field after interacting with three-level atoms presenting EIT. In cavity EIT, there is high alteration of the initial quantum properties of the probe field even when the mean values of the field are unaltered. This is shown with initially squeezed states for the probe field. We showed that there exists two frequencies where the maximum absorption of quantum fluctuation occurs, that can be very close to atom resonance, even when the Rabi frequencies are much larger than the other parameters. Moreover, some of the squeezing absorbed in the probe field can be transferred to the pump field. This transfer is maximum when the Rabi frequencies associated with each field are equal. It is almost perfect if in addition C ≫ 1. This transfer implies a coherent exchange of quantum properties between the probe and pump field. Using the DGCZ inequality we did not find any quantum correlations between the pump and probe field after interacting with the atoms. We expect that these results may be useful to predict and explain experimental results where the quadrature noise spectrum is measured after interacting with atoms presenting EIT. 
where Ω i = g i α i .
APPENDIX B: GENERAL RESULTS
The general results for the θ quadrature noise spectrum, defined in Eq. (14) , are
